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Steady state of a fully detuned storage-ring free-electron laser
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This paper gives an analytical description of the stationary regime of a storage-ring free-electron laser in the
presence of the maximum detunif@pmpatible with the laser ongdietween the laser pulse and the electron
beam when they pass and interact in the optical cavity. In this condition, the conservation of the first moments
of the laser intensity distribution allows one to express the peak gain of the light amplification process and the
maximum detuning as a function of system parameters that are directly measurable. These theoretical results
are compared with experiments performed on the Super-ACO free-electron laser.
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I. INTRODUCTION tudinal parameters of the electron buri&k-7,4,8—11. The
strong laser—electron-beam coupling originates from the fact
Storage-ring free-electron lasefSRFELS are complex, that, unlike a LINAC based FEL, where the beam is renewed
strongly coupled dynamical systems, which are based on thafter each interaction, electrons are recirculated. As a conse-
interaction between a highly relativistic electron beam circu-quence, at every light—electron-beam energy exchange, the
lating in a storage ring and an electromagnetic wave storeglystem keeps memory of previous interactions.
in an optical cavity. The laser effect originates from the ra- The optical pulse propagation in FELs has been discussed
diation emitted by the electrons when they pass through th# @ number of papers. Due to its high mathematical com-
magnetic field generated by an insertion devies)., an un-  Plexity, the problem has been generally treated using a nu-
dulaton. Once stored in the optical cavity, the radiation is merical approaclisee Ref[12] for a general review of the
amplified by successive interactions with the electron beanpbtained resulfs The most significant analytical results have
This process generally leads to the increase of the electrofeen obtained in Ref§6,7], yielding a deep insight into the
beam energy spread and, as a consequence, to the reductiiysics of the process. In practice, the laser electric field,
of the amplification gain, until this latter reaches the level ofassumed to be centered around the maximum of the temporal
the cavity losses. Since it originates from the synchrotrorflectron-bunch distributiorti.e., quasizero laser—electron-
radiation, the laser is naturally pulsed at the electron-beam
revolution period(hundreds of nanosecond<On a larger 304
(millisecong temporal scale, the FEL dynamics depends
strongly on the longitudinal overlap between the electron _ 25
bunches and the laser pulses at each pass inside the optice‘g
cavity. A given temporal detuning, i.e., a difference betweens
the electron-beam revolution period and the photon round‘g 1.5
trip inside the optical cavity, leads to a cumulative delay &
between the electrons and the laser pulses: the laser intensiE -0
may then appear to be “cw(for a weak or strong detuning
or show a stable pulsed behavidor an intermediate detun-
ing amount [1-3]. Figure 1 presents the FEL intracavity 0.0 Y -
power as a function of the laser—electron-beam detuning, a: -100 0 100
it is measured in the case of the Super-ACO FEL. Together Detuning (Hz)
with the laser induced energy spread, which results in a re-
duction of the electron density, the laser-electron beam dethe
tuning is the main process leading a SRFEL to saturd#dn
In fact, a detuned laser grows interacting with a reduce
electron_density and therefore having at_ disposal a smallg§Lser_electron-beam delay of 1.2.%n order to spamfre con-
peak gain with respect to the zero-detuning case. tinuously, a sweeping ramp has been applied to the radio-frequency
The dynamics of a SRFEL can be generally described byt The parameters characterizing the employed experimental set-
a system of integro-differential coupled equations accountinging are the following: Electron-beam energ00 MeV, interpulse
for the evolution of the electromagnetic field and the longi-period (two-bunch operation =120 ns, beam current=40 mA,
laser wavelength 350 nm, small signal gairgy=1.4%, cavity
lossesP=0.5%. The accelerator has been operated with the har-
*Present address: Sincrotrone Trieste, 34012 Trieste, ltaly. monic cavity set in the passive configuration.

Laser

FIG. 1. Laser intensity of the Super-ACO FEL as a function of
laser—electron-beam detuning. The detuning is expressed in
(ierms of the variatiom\ f ;¢ of the main cavity frequency with re-
ect to the perfect tuninghe variation of 1 Hz corresponding to a
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beam detuning is decomposed on a basis of longitudinal axis, \, the magnetic perioce andm the electron mass and
modes(the so-called supermodeself-reproducing in form charge,c the light speel Under this assumption, the gain
after each round trip. After many round trips, the systemgan pe expressed in the foll7]

evolves towards the fundamental supermode, which is char-

acterized by a Gaussian profile. In most cases, this result has f pe(T)
been found to be in a good agreement with experiments g(r)zgof— -, (2
[13,14), and it will be taken as one of the starting points of 0 Peo

thel ta}Z?/lv):JSrltshwrﬁlteV\{[Ig gt?eiivtilgf ?/:/jhli?etzecz)?:lsoiévé?gﬁle eﬁortwherer stands for the temporal position with respect to the
' centroid of the electron-bunch distributiogg is the small-

(both theoretical and experimentals been made in the past signal gain, i.e., the maximum gain when the laser isfd,

in order to characterize the laser pulse propagation close 1 : : .
perfect tuning, an exhaustive analysis of the detuned SRFE(P1e modulation rate of the optical klystron spectritrapend

dynamics is still lacking. On the other hand, the investigation:?sgI;Qetrr_]sﬁr?;u\éalu(i;) fisthtiéeggg:glnb(?::;if 'Sg%m(i)‘tg
of the detuned regime of a SRFEL proves to be essential ip Pe Y 0
aser-off peak value.

order to acquire a complete mastery of the laser source. In : )

fact, as it is shown in Fig. 1, the behavior of the system at the chordmg to Madey's theoreril8], the laser-off peak
perfect tuning can be maintained only in a narrow range opdin 1 given by

the detuning parametédnormally by means of a feedback f°
system{15,16]). Such a behavior is just a particular case of a go=2.2X 10" Y¥(KL)?(JJ)?(N+Ny) 0PeoTf 3)
much more complex dynamics, the knowledge of which has y?

to be considered as a fundamental tool for a proper run of , .
users’ experiments. wherelL is the length of one undulatadJ=Jy(&) —J41(§) is

This paper intends to give an analytical description of thghe dlffereng:e betwezen the_ Bessel function of zero and first
FEL stationary regime in the presence of maximum detunin@rderf&é=K*/(4+2K)], N is the number of undulator pe-
compatible with the laser onset. When the system is in thi§i0ds. Nq is the interference order, arfé; is the so-called
fully detuned condition, the equation governing its evolutionfilling factor [20], taking into account the transverse overlap
can be considerably simplified. In fact, the conservation ofétween the electrons and photons. _
the first moments of the laser temporal distribution, once the Eduation(2) shows that the optical gain as a function of
steady state is reached, allows one to derive a simple analyf® beam current can be determined by measuring the statis-
cal formula for the laser-off peak gagy (alternative to that tlpal parameters of the electron'bear'n: the transverse dlm.en-
derived from Madey’s theorerfil7]) as well as a relation SIONS and the bunch length, WhICh give the electron density,
giving the full width of the detuning curve. These theoretical@nd the beam energy spread, which is related to the modula-

results will be compared with experiments for the case of thdlon rate. o . _
Super-ACO FEL. A more direct estimation of the optical gain can be per-

formed by measuring the initial growth rate of the laser in-
tensity, which is inversely proportional to the difference be-
tween the peak gain and the optical cavity losses. The
The gain of a SRFEL depends on both the electron-beariinowledge of the cavity losses also allows one to determine
parameters and the insertion device characteristics. It can Be gain corresponding to the beam current threshold for the
generally written as the derivative of the radiation emitted bylaser oscillation.
the electrons in the insertion devi¢e so-called “sponta-
neous emission” with respect to the electron-beam energy Ill. DYNAMICS OF A FULLY DETUNED SRFEL
[18,17. The insertion device that is usually employed in a
SRFEL is an optical klystrofl9], which is composed of two  The rate equation for the evolution of the laser intenkity
undulators separated by a dispersive sectia, a strong can be written in the forni11]
magnetic field favoring the interference between the emis-
sion of the undulators. This results in an enhanced amplifi-  |ns1(7) =R 1+gn(7—87)lo(7— 87) +1(7— 57),
cation gain with respect to the single-undulator configura- (4)
tion.
When the laser pulse is well established, it has an exV
tremely narrow spectral profile centered around the resona
wavelength

Il. THE FEL GAIN

here n is the iteration numbe(labeling the number of
ser—electron-beam interactions inside the optical kly$tron
2=1— P stands for the total reflectivity of the cavity mir-
rors (P being the total cavity lossgsl is the spontaneous
o K2 emission of the optical klystron, ang-=T,— T, (whereT,
)\r=—( 1+—], (1)
29 2

IHere and in the following, the slippage effect due to the different
where\q is the undulator periody is the Lorentz factor, and  velocity of electrons with respect to photons during a single passage
K=(eByhg)/(27mc) is the undulator deflection parameter inside the interaction region is neglected. This assumption is gener-
(Bg being the maximum magnetic field along the undulatorally allowed as far as SRFELs are concerned.
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FIG. 2. (Color online Schematic layout of the pass-to-pass
laser—electron-beam interactioh, stands for the period between
two successive electron bunches, is the position of the laser )
centroid with respect to the peak of the electron density, &nd FIG. 3. (Color onling Schematic layout of the laser stationary
(here assumed to be positjveccounts for the laser—electron-beam regime when the light pulse and the electron bunch are fully de-
detuning at each pass. tuned(a positive detuning is assumed

Y
»

is the time interval between two successive electron bunchdution, andl, is the peak laser intensjtyThe Gaussian hy-
and T, is the oscillation period of the laser pulse inside thePothesis can be considered as a tentative extension of the
optical cavity accounts for the temporal detuning betweenresult obtained in the framework of the supermodes theory
the electron bunch and the laser pulse at each pass inside tfe7] for a perfect laser—electron-beam overlapping to the
optical cavity(see Fig. 2 case of a fully detuned FEL. _

Since the proper laser mode of the optical cavity is al- Under the conditions specified above, the equation for the

2
20¢

ready established after a few hundred light paths, the longi€quilibrium regime become24,25
tudinal and transverse laser dynamics are assumed to be de- B 2

coupled and the latter is disregarded here. Assuming that the li(7)=R¥lg exi{ — (7= 70— 07) *1207]
electron-bunch temporal distribution keeps its “natural” (7= 57)2

Gaussian profile under the action of the laser growth, the ><|1+go ex;{— m ] (8
gain of the amplification process when the laser is fully de-

tuned (i.e., 7= 61y, wherem stands for maximupbe- o . )
comes By definition, when the laser reaches the stationary regime,
the first moments of its distribution stay constant under the
2 effect of subsequent laser—electron-beam interactions.
= gO ex[{ ) ’ (5)

A. Conservation of the zero-order moment

where, with respect to E@2), it has been also assumed that The conservation of the zero-order moment of the laser
the laser onset does not affect the electron-beam distributiodistribution
(i.e., f="f, and pe=peg, Wherep, is the peak value of the o Y
electron density In other words, one can suppose that the J If(T)dT:J’ I(r)dr (9)
saturation process of a fully detuned FEL does not depend on o o

the laser induced energy spread but is only driven by the ] ] ) ]
laser—electron-beam temporal delay. is equivalent to that of the laser intensity. Making use of Eg.

It is worthwhile to stress that the Gaussian hypothesis o8) and solving the integrals, this condition leads to the fol-
the bunch temporal profile also entails that the interaction ofoWing relation:
the electron beam with the ring environmé¢gi—23 is ne- ) s 5
glected. This important point will be further discussed in the Rz[ 1+ % exp{— 7o/[2(o5+ o)1}

following section. N+ (o lo.)2 (0] 0)2

Combining Eqs(5) and(4), one gets (<l

] -1, (10

that is P=1—R?),

(7'_57'm)2
lhi1(7)=R%*{ 1+ ————— | tly(7— 67y
l7) { goexr{ 202 ](T m) 9o=7—p V1t (/oo exp 7l 2(c2+ D))} (1)
(6) B

[1,.1(7)=1(7), wheref stands for findl and suppose that _ This formula expresses the laser-off peak gain as a func-
the stationary laser distribution is characterized by a Gausdion of the cavity losses and of the statistical parameters of

ian shape, i.e., the laser and electron-beam distributions. Assunfiygl
ando| <o, it reduces ta@qexp(— r5/202) =P, which is the
In(T)=1(7)=lgex{ — (7— 70)%/207] (7)  usual equilibrium condition neglecting the width of the laser

profile. Figure 3 shows a schematic layout of the stationary
(where7g is the position of the laser centroid when the de-regime of the laser distribution when the light pulse and the
tuning is maximum,, is the rms width of the laser distri- electron bunch are fully detuned.

026501-3



De NINNO et al. PHYSICAL REVIEW E 67, 026501 (2003

B. Conservation of the first-order moment coincides with that of the rms value of the laser distribution:
The condition oi =0t (whereoy is the rms value of the distributioly).
Making use of Eqs(8) and(11), one gets
+ o0 + oo
7l (T)dT:f 7lI(7)dr (12 +oo
Lc f = f (7= 1)1 (n)d7
2 _ — o0
is equivalent to the conservation of the temporal position of ai= +oo
the laser centroidr;= r, (Where r; is the centroid position . li(r)dr
of the distributionl ;). Making use of Eqs(8) and(11), one
gets(see the Appendix for the details of the calculajion 2 1+R%(0/0)? 5 5(0 ] 076)? (1-R?)
. ' 1+ (01/00)? 1+(0y/0e)? ’
f_ 7l¢(7)d7 17)
=
' j " (ndr which, combined with conditioli16), gives
f
E R S
+ Jo exp{—ré/[2(09+ O'I)z]} Oe¢ a Oe¢ .
27/ 2
= 7o [1+(01/0e)"]V1+ (01 /) LS This relation connects the rms valuwg of a fully detuned
goexp{— 75/[2(ae+ 07) 2]} " laser to the positionry of its centroid and can be fulfilled
only if
\/14—(0'|/(re)2 y
1+ Ry /70)? 02 1R=1. 19
_ Rl o (13) 7o (19
1+ (o /0oe)?

The previous condition shows that the rms vatyemay be
The stationary condition allows one to express the width ofot conserved. This leads to the conclusion that the temporal

the detuning curvédt,, in the form distribution of a saturated SRFEL is not necessarily station-
ary or, at least, not necessarily Gaussian. The important ques-
0‘|2 tion arising from this result, namely, the general conditions
57-m:p7-oﬁ_ (14) under which a saturated SRFEL reaches a completely sta-
o tog tionary regime, is beyond the scope of this paper and would
deserve a dedicated analysis.
Making use of Eq.(11), one can solve for the previous If the condition(19) is satisfied, the relatiofl8) can be

relation and expresér,, as a function of the peak gamy, used to get rid of the dependence@nin the expressions for
the cavity losse®, and the rms widths of the laser pulsg)  the peak gairfEq. (11)] and for the width of the detuning
and of the electron bunchs(): curve[Eg. (14)]. In the first case, one finds

ot \/ (1-P)go ot ex;{ 1 | 20
Srm=P 21n . (15 °" Ji=p) 2(1-P)|o,’
" \/0'§+0'|2 P 1-1—(0'|/0'e)2 (19 (1=P) ( Jloe
_ ) o while in the second case one obtains
While the use of Eq(14) requires(at least the preliminary
measurements of, (which is a parameter difficult to be s 5
predicted, Eq. (15) may be, in principle, employed for esti- STm=1"p T—O[(l— P)75— ol (2
mating 67, before any measurements. For thig,can be, in
the first approximation, expressed in termsogfaccording It is worthwhile to stress that, while the formulékl) and

to the relation[6] o=+\Ao, [whereA=(N+Ng)\, is the  (20) supply an agile “on-line” methodalternative to those
so-called slippage factpro, is, by hypothesis, constardg ~ mentioned in Sec. )JIfor the measurement of the laser-off
may be calculated by means of E®), andP is normally  peak gain, relationgl4) and (21) yield a significant insight

theoretically known from the mirror design. into the physics of the laser—electron-beam interaction.
C. Conservation of the second-order moment IV. COMPARISON WITH EXPERIMENTS
The conservation of the second-order moment The theoretical model presented in the preceding section

. . is based on the assumptions that when the laser reaches the
J' (r— rf)zlf(r)drzf (r— 1) (r)dr  (16) saturation regime, the electron beam is characterized by a
% —o stable temporal distribution having a Gaussian profile. In re-
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FIG. 4. Effect of the harmonic cavity on the shape and on the
rms value of the Super-ACO electron bedthe beam current is
about 40 mA. Curve a: passive harmonic cavity. Curve har-
monic cavity powered at 80 kV. Cune harmonic cavity powered
at 300 kV.

FIG. 5. (Color online Streak camera image of the Super-ACO
electron buncHupper tracgand laser macropulséower trace. A
vertical cut provides the bearflase)y temporal distribution. The
total vertical scale is 1.7 ns and the longitudinal scale is 1 ms The
image has been taken for a total beam current of 55 mA with the
harmonic cavity set in the passive configuration.
ality, the electron-beam dynamics is generally influenced by
the beam interaction with the ring environméetg., the me- case of third generation SRFELs, such as ELETTRA, which
tallic wall of the vacuum chambgrSuch interaction mani- are generally characterized by smoother ring vacuum cham-
fests itself as a “wake” electromagnetic field that acts on thebers[28]. The other relevant hypothesis on the electron beam
electrons and may perturb their stability. The so-called miwhich has been employed for deriving E§), i.e., o, con-
crowave instabilityf21] is one of the most likely observed: it stant during the onset of the fully detuned laser pulse, has
leads to an increase of the beam energy spread, which mdeen validated during a series of experiments that have been
induce a low-frequencyabout 100 H oscillation of the performed on the Super-ACO FEL.
bunch length 25,26 High-frequency(tens of kilohertz in- In order to apply the formulas that have been derived in
stabilities are also observed: they normally lead to a coherer@ec. Il and check the validity of the theoretical model on
oscillation of the electron beam at the synchrotron frequencwhich they are based, the statistical parameters of the
and (eventually its harmonicq25]. coupled laser and electron-beam distributions have been
The interplay between electron-beam instabilities and theneasured for different experimental settings. In this purpose,
FEL dynamics has been the subject of various investigationa double-sweep streak camera has been [B&d32. Figure
[22,23,217. It is nowadays a common opinion that the insta-5 shows the kind of image that can be obtained by acquiring
bility and the laser growth may be considered as competitivat the same time the synchrotron light emitted by a bending
phenomena: either the instability is strong enough to prevennagnetwhich reproduces the temporal structure of the elec-
the laser onset or the laser is able to develop and dampt  tron bunchesand the laser signal. Th@oupled temporal
least, reducethe instability effect. As a consequence, theprofiles of the electron bunch and laser distributions can be
temporal distribution of the electron beam can be actuallyfound by taking a vertical cut of the whole picture. Along the
considered agalmos} stable when the laser has reached thehorizontal direction, one can follow the temporal evolution
steady state. of the two distributions. Collecting a series of pictures for
The other assumption, i.e., the Gaussian shape of thdifferent detuning amounts allows one to measure the varia-
beam profile, is more delicate. In fact, the interaction withtion of the position occupied by the laser centroid with re-
the ring environment induces also a perturbation of thespect to the position corresponding to the perfect synchro-
“natural” Gaussian profile of the electron beam. In the casenism.
of Super ACO, due to the relative high value of the ring The losses of the optical cavity have been measimed
impedancd 28], this effect is quite noticeable. Furthermore, situ by determining the decay time of the light intensity
the distortion becomes more evident when a harmonic cavitywhen the detuning is strong enough to prevent the laser onset
is used[29,34], which has been installed in order to shorten[33]. Figure 6 shows the laser-off peak géas a function of
the bunch length and increase the amplification gain. Figuréhe beam currents it is obtained using E¢11). Two cases
4 shows the temporal profile of the electron beam for differ-are presented: one in which the harmonic cavity is passive
ent settings of the harmonic cavity. The distortion of theand one in which the harmonic cavity is powered at 80 kV. In
electron-beam profile with respect to the ideal Gaussiaoth cases the results are found to be in a fairly good agree-
shape represents the main limitation to the method derived iment with the estimations supplied, e.g., by E8). [35] or
Sec. Ill. However, as it will be clear in the following, rela- by the measurement of the initial growth rate of the laser
tions(11) and(14) [as well as Eqs(20) and(21)] still remain  intensity [36]. The gain calculated by using the maximum
reliable, also when the harmonic cavity is acti\emd pow- detuning method is also in agreement with the direct mea-
ered at 80 kV; see Fig. 4, profile.bt is, moreover, worth-  surement corresponding to the beam current threshold for the
while to point out that the distortion of the beam profile duelaser oscillation.
to the “wake” field is expected to play a minor role for the  In Figs. 7 and 8 the direct measurement of the width of
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FIG. 8. (Color online The same as Fig. 7 with the harmonic

FIG. 6. (Color onling Behavior of the laser-off peak gagy, of cavity powered at 80 kV.

the Super-ACO FEL as a function of the total beam curigas it
is obtained using Eqa1); full circles refer to the configuration in
which the harmonic cavity is passive while filled triangles refer to V. CONCLUSIONS

the case in which the harmonic cavity is powered at 80 kV. The The analysis carried out in this paper provides a theoret-

relative error(around 15%) is mainly due to the uncertainty on the ;.5 picture of the steady state of a fully detuned SRFEL. In

n;.easuremem of the cavity losses. The square represents the g3iiiiicjar. an “agile” method for the evaluation of the laser-
(directly mea@re}dcorrespondmg o thg bgam current threshold.foroﬁ peak gain has been derived, which is an alternative to
the laser oscillatior(for the configuration in which the harmonic : \ .
cavity is passive thos.e.rlelylng on Madey’s theorem and on the evaluation of
the initial growth rate of the laser intensity. Moreover, a step
further has been made in the understanding of the interplay
the detuning curvésee Fig. 1 is compared with the result between the maximum laser—electron-beam detufiogn-
obtained by using the maximum detuning method., Eq.  patible with the laser onsetand the physical parameters
(14)]. Here again, in the first case the harmonic cavity isleading the dynamics of a SRFEL. The equilibrium distribu-
passive and in the second case it is powered at 80 kV. Thigon of a fully detuned SRFEL has been shown to be not
results show in both cases a good agreement and allow forrzecessarily Gaussian. This entails that the result obtained for
straight experimental validation of the theoretical approacithe case of a quasizero laser—electron-beam detuning by
proposed in this paper. means of the method of the “supermodes,” cannot be simply
It is finally worthwhile to mention that the conditioit9)  extended to the case of a fully detuned system. This result
is not always(i.e., for any beam current and cavity mirror arises the question about the actual existence of a completely
setting fulfilled. As a consequence, the relatiof20) and  Stationary regime of a detuned SRFEL. Theoretical results
(21) are not always employable. However, when the condihave been compared Wlth. measurements performed on the
tion (19) is respected, they lead to a result in agreement witPUPE-ACO FEL. The obtained agreement can be considered

that supplied, respectively, by relatiofisl) and (14). as satisfactory.
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APPENDIX
0= = = = = In this appendix some details of the calculations reported
| (MA) in Sec. lll are given relative to the conservation of the first

moments of the stationary fully detuned laser distribution.
FIG. 7. (Color onling Behavior of the full width of the detuning
curve 257, as a function of the total beam currentas it is ob-
tained by directly measuring the maximum detuning compatible
with the laser onseffull circles) and as it is obtained by means of ~ The zero-order moment of the temporal profile of the la-
the maximum detuning metha@mpty circle$, see Eq(14). The  ser pulsd,(7) (i.e., the laser intensity after theh interac-
harmonic cavity is set in the passive configuration. tion) is defined by

Zero-order moment
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Ih(7)d7. (A1)  then to the relatiorill) expressing the laser-off peak gain as
a function of the cavity losses and the statistical parameters

Assuming that the laser has reached the steady state in té the laser and electron-beam distributions.
condition of maximum detuning and that the equilibrium dis-

+o The combination of EqgA2) and(A3) leads to Eq(10) and
M on f

— 0

tribution is Gaussiarisee Eq.(7)], the zero-order moment First-order moment
reads The first-order moment of the laser pulse
e 215 2 +oo
M0=I0J’7w exd — (7— 79)“/20(]dr=1¢\ 270 . Ml,n:f A (Hdr (Ad)
(A2) -
The zero-order moment of the steady-state distribution cagoincides(if normalized toM;,) with the position of the
be also calculated starting from E®) [37]: laser centroid:
M
oo _ WMan
Mo= J, l¢(7)d7 Tn= Mon (AS)
o [T 91 2 In the case of a fully detuned steady state, the laser pulse
=R '0f7w exf — (7= 7o~ 07m)/207] (assumed to be Gaussjanay be expressed as in E@) and
is, therefore, assumed to be centered arotyd
T— 87m)?
X { 1+goex;{ - %1 ] dr
e o= | exti—(r—ryr20710r. (A0
T0O=1, — exXpg —(7— 79 g T.
exp{— 72/[2(02+ o))} M1 270y ) =
:Rzlo\/2770'|+R2|0g0\/27T(T| .
V1+ (o /0'6)2

The first-order moment of the steady-state distribution can be
(A3) also calculated starting from E¢B) [37]:

2 2, 2 2 2, 2
+oo To0 6+ 005+ o) Joeo expl— 75/[2(o5+ o))
MO:f Tlf(T)dT=R2|0(70+5Tm)\/ﬁﬂ'r"Rzlogo\/ﬁ[ oe - | ]2e I2 3/2[ O[ : l ]}
o (ogtoar)
(A7)
|
The definition ofry, +oo
M2n_f (7— Tn)zln(T)dT (A9)
+oo -*
f 7l¢{(7)dr
_ AS gives (if normalized toMg,) the rms value of the laser dis-
e : (A8) " tibution:
j l¢(7)d7
Cw M
. L g2=_20 (A10)
leads[recalling Eq.(A3)] to Eq.(13) and thus, imposing the Mon

stationary conditionr;= 7y, to the expressiorild) for the

maximum detuning(i.e., the half-width of the detuning In the case of a fully detuned steady state, the laser pulse

(assumed to be Gaussjanay be expressed as in E@) and

curve. . )
urve is, therefore, assumed to have a given rms vatue The
expression ofr; can be calculatef37] as in Eq.(17). The
Second-order moment stationary conditionr;= o; leads to Eq(18) and thus to the
The second-order moment of the laser pulse condition (19).
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