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Steady state of a fully detuned storage-ring free-electron laser
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This paper gives an analytical description of the stationary regime of a storage-ring free-electron laser in the
presence of the maximum detuning~compatible with the laser onset! between the laser pulse and the electron
beam when they pass and interact in the optical cavity. In this condition, the conservation of the first moments
of the laser intensity distribution allows one to express the peak gain of the light amplification process and the
maximum detuning as a function of system parameters that are directly measurable. These theoretical results
are compared with experiments performed on the Super-ACO free-electron laser.

DOI: 10.1103/PhysRevE.67.026501 PACS number~s!: 41.60.Cr, 29.20.Dh
t
cu
re

ra
th

is
am
ro
c
o

ro
a

d
ro
tic
e

un
ay
ns

-
ty
,
h
r
d

e
ll

b
tin
gi

fact
ed

nse-
, the

sed
m-
nu-

e

ld,
oral
-

of
d in

-
a

ncy
set-

har-
I. INTRODUCTION

Storage-ring free-electron lasers~SRFELs! are complex,
strongly coupled dynamical systems, which are based on
interaction between a highly relativistic electron beam cir
lating in a storage ring and an electromagnetic wave sto
in an optical cavity. The laser effect originates from the
diation emitted by the electrons when they pass through
magnetic field generated by an insertion device~e.g., an un-
dulator!. Once stored in the optical cavity, the radiation
amplified by successive interactions with the electron be
This process generally leads to the increase of the elect
beam energy spread and, as a consequence, to the redu
of the amplification gain, until this latter reaches the level
the cavity losses. Since it originates from the synchrot
radiation, the laser is naturally pulsed at the electron-be
revolution period~hundreds of nanoseconds!. On a larger
~millisecond! temporal scale, the FEL dynamics depen
strongly on the longitudinal overlap between the elect
bunch~es! and the laser pulses at each pass inside the op
cavity. A given temporal detuning, i.e., a difference betwe
the electron-beam revolution period and the photon ro
trip inside the optical cavity, leads to a cumulative del
between the electrons and the laser pulses: the laser inte
may then appear to be ‘‘cw’’~for a weak or strong detuning!
or show a stable pulsed behavior~for an intermediate detun
ing amount! @1–3#. Figure 1 presents the FEL intracavi
power as a function of the laser–electron-beam detuning
it is measured in the case of the Super-ACO FEL. Toget
with the laser induced energy spread, which results in a
duction of the electron density, the laser-electron beam
tuning is the main process leading a SRFEL to saturation@4#.
In fact, a detuned laser grows interacting with a reduc
electron density and therefore having at disposal a sma
peak gain with respect to the zero-detuning case.

The dynamics of a SRFEL can be generally described
a system of integro-differential coupled equations accoun
for the evolution of the electromagnetic field and the lon
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tudinal parameters of the electron bunch@5–7,4,8–11#. The
strong laser–electron-beam coupling originates from the
that, unlike a LINAC based FEL, where the beam is renew
after each interaction, electrons are recirculated. As a co
quence, at every light–electron-beam energy exchange
system keeps memory of previous interactions.

The optical pulse propagation in FELs has been discus
in a number of papers. Due to its high mathematical co
plexity, the problem has been generally treated using a
merical approach~see Ref.@12# for a general review of the
obtained results!. The most significant analytical results hav
been obtained in Refs.@6,7#, yielding a deep insight into the
physics of the process. In practice, the laser electric fie
assumed to be centered around the maximum of the temp
electron-bunch distribution~i.e., quasizero laser–electron

FIG. 1. Laser intensity of the Super-ACO FEL as a function
the laser–electron-beam detuning. The detuning is expresse
terms of the variationD f RF of the main cavity frequency with re
spect to the perfect tuning~the variation of 1 Hz corresponding to
laser–electron-beam delay of 1.2 fs!. In order to spanD f RF con-
tinuously, a sweeping ramp has been applied to the radio-freque
plot. The parameters characterizing the employed experimental
ting are the following: Electron-beam energy5800 MeV, interpulse
period ~two-bunch operation! 5120 ns, beam current.40 mA,
laser wavelength5350 nm, small signal gaing0.1.4%, cavity
lossesP.0.5%. The accelerator has been operated with the
monic cavity set in the passive configuration.
©2003 The American Physical Society01-1
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beam detuning!, is decomposed on a basis of longitudin
modes~the so-called supermodes! self-reproducing in form
after each round trip. After many round trips, the syst
evolves towards the fundamental supermode, which is c
acterized by a Gaussian profile. In most cases, this resul
been found to be in a good agreement with experime
@13,14#, and it will be taken as one of the starting points
the analysis that will be developed in the following.

It is worthwhile to stress that, while a considerable eff
~both theoretical and experimental! has been made in the pa
in order to characterize the laser pulse propagation clos
perfect tuning, an exhaustive analysis of the detuned SR
dynamics is still lacking. On the other hand, the investigat
of the detuned regime of a SRFEL proves to be essentia
order to acquire a complete mastery of the laser source
fact, as it is shown in Fig. 1, the behavior of the system at
perfect tuning can be maintained only in a narrow range
the detuning parameter~normally by means of a feedbac
system@15,16#!. Such a behavior is just a particular case o
much more complex dynamics, the knowledge of which h
to be considered as a fundamental tool for a proper run
users’ experiments.

This paper intends to give an analytical description of
FEL stationary regime in the presence of maximum detun
compatible with the laser onset. When the system is in
fully detuned condition, the equation governing its evoluti
can be considerably simplified. In fact, the conservation
the first moments of the laser temporal distribution, once
steady state is reached, allows one to derive a simple ana
cal formula for the laser-off peak gaing0 ~alternative to that
derived from Madey’s theorem@17#! as well as a relation
giving the full width of the detuning curve. These theoretic
results will be compared with experiments for the case of
Super-ACO FEL.

II. THE FEL GAIN

The gain of a SRFEL depends on both the electron-be
parameters and the insertion device characteristics. It ca
generally written as the derivative of the radiation emitted
the electrons in the insertion device~the so-called ‘‘sponta-
neous emission’’! with respect to the electron-beam ener
@18,17#. The insertion device that is usually employed in
SRFEL is an optical klystron@19#, which is composed of two
undulators separated by a dispersive section~i.e., a strong
magnetic field! favoring the interference between the em
sion of the undulators. This results in an enhanced amp
cation gain with respect to the single-undulator configu
tion.

When the laser pulse is well established, it has an
tremely narrow spectral profile centered around the reso
wavelength

l r5
l0

2g2 S 11
K2

2 D , ~1!

wherel0 is the undulator period,g is the Lorentz factor, and
K5(eB0l0)/(2pmc) is the undulator deflection paramet
(B0 being the maximum magnetic field along the undula
02650
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axis,l0 the magnetic period,e andm the electron mass an
charge,c the light speed!. Under this assumption, the gai
can be expressed in the form1 @17#

g~t!5g0

f

f 0

re~t!

r̂e0

, ~2!

wheret stands for the temporal position with respect to t
centroid of the electron-bunch distribution,g0 is the small-
signal gain, i.e., the maximum gain when the laser is off,f is
the modulation rate of the optical klystron spectrum~depend-
ing on the rms value of the temporal beam distribution!, f 0
its laser-off value,re(t) is the electron density, andr̂e0 its
laser-off peak value.

According to Madey’s theorem@18#, the laser-off peak
gain is given by

g052.2310213~KL !2~JJ!2~N1Nd!
f 0r̂e0F f

g3
, ~3!

whereL is the length of one undulator,JJ5J0(j)2J1(j) is
the difference between the Bessel function of zero and
order @j5K2/(412K2)#, N is the number of undulator pe
riods, Nd is the interference order, andF f is the so-called
filling factor @20#, taking into account the transverse overl
between the electrons and photons.

Equation~2! shows that the optical gain as a function
the beam current can be determined by measuring the st
tical parameters of the electron beam: the transverse dim
sions and the bunch length, which give the electron dens
and the beam energy spread, which is related to the mod
tion rate.

A more direct estimation of the optical gain can be p
formed by measuring the initial growth rate of the laser
tensity, which is inversely proportional to the difference b
tween the peak gain and the optical cavity losses. T
knowledge of the cavity losses also allows one to determ
the gain corresponding to the beam current threshold for
laser oscillation.

III. DYNAMICS OF A FULLY DETUNED SRFEL

The rate equation for the evolution of the laser intensitI
can be written in the form@11#

I n11~t!5R2@11gn~t2dt!#I n~t2dt!1I s~t2dt!,
~4!

where n is the iteration number~labeling the number of
laser–electron-beam interactions inside the optical klystro!,
R2512P stands for the total reflectivity of the cavity mir
rors (P being the total cavity losses!, I s is the spontaneous
emission of the optical klystron, anddt5Tb2Tl ~whereTb

1Here and in the following, the slippage effect due to the differe
velocity of electrons with respect to photons during a single pass
inside the interaction region is neglected. This assumption is ge
ally allowed as far as SRFELs are concerned.
1-2
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is the time interval between two successive electron bunc
andTl is the oscillation period of the laser pulse inside t
optical cavity! accounts for the temporal detuning betwe
the electron bunch and the laser pulse at each pass insid
optical cavity~see Fig. 2!.

Since the proper laser mode of the optical cavity is
ready established after a few hundred light paths, the lo
tudinal and transverse laser dynamics are assumed to b
coupled and the latter is disregarded here. Assuming tha
electron-bunch temporal distribution keeps its ‘‘natura
Gaussian profile under the action of the laser growth,
gain of the amplification process when the laser is fully d
tuned ~i.e., dt5dtm , where m stands for maximum! be-
comes

g~t!5g0 expS 2
t2

2se
2D , ~5!

where, with respect to Eq.~2!, it has been also assumed th
the laser onset does not affect the electron-beam distribu
~i.e., f 5 f 0 and r̂e5 r̂e0, wherer̂e is the peak value of the
electron density!. In other words, one can suppose that t
saturation process of a fully detuned FEL does not depen
the laser induced energy spread but is only driven by
laser–electron-beam temporal delay.

It is worthwhile to stress that the Gaussian hypothesis
the bunch temporal profile also entails that the interaction
the electron beam with the ring environment@21–23# is ne-
glected. This important point will be further discussed in t
following section.

Combining Eqs.~5! and ~4!, one gets (I s!I n)

I n11~t!5R2H 11g0 expF2
~t2dtm!2

2se
2 G J I n~t2dtm!.

~6!

Assume now that the laser reaches a stationary reg
@ I n11(t)5I f(t), wheref stands for final# and suppose tha
the stationary laser distribution is characterized by a Ga
ian shape, i.e.,

I n~t![I ~t!5I 0 exp@2~t2t0!2/2s l
2# ~7!

~wheret0 is the position of the laser centroid when the d
tuning is maximum,s l is the rms width of the laser distri

FIG. 2. ~Color online! Schematic layout of the pass-to-pa
laser–electron-beam interaction.Tb stands for the period betwee
two successive electron bunches,t* is the position of the lase
centroid with respect to the peak of the electron density, anddt
~here assumed to be positive! accounts for the laser–electron-bea
detuning at each pass.
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bution, andI 0 is the peak laser intensity!. The Gaussian hy-
pothesis can be considered as a tentative extension o
result obtained in the framework of the supermodes the
@6,7# for a perfect laser–electron-beam overlapping to
case of a fully detuned FEL.

Under the conditions specified above, the equation for
equilibrium regime becomes@24,25#

I f~t!5R2I 0 exp@2~t2t02dtm!2/2s l
2#

3H 11g0 expF2
~t2dtm!2

2se
2 G J . ~8!

By definition, when the laser reaches the stationary regi
the first moments of its distribution stay constant under
effect of subsequent laser–electron-beam interactions.

A. Conservation of the zero-order moment

The conservation of the zero-order moment of the la
distribution

E
2`

1`

I f~t!dt5E
2`

1`

I ~t!dt ~9!

is equivalent to that of the laser intensity. Making use of E
~8! and solving the integrals, this condition leads to the f
lowing relation:

R2H 11
g0 exp$2t0

2/@2~se
21s l

2!#%

A11~s l /se!
2 J 51, ~10!

that is (P512R2),

g05
P

12P
A11~s l /se!

2 exp$t0
2/@2~se

21s l
2!#%. ~11!

The details of the calculation are reported in the Append
This formula expresses the laser-off peak gain as a fu

tion of the cavity losses and of the statistical parameters
the laser and electron-beam distributions. AssumingP!1
ands l!se , it reduces tog0exp(2t 0

2 /2se
2)5P, which is the

usual equilibrium condition neglecting the width of the las
profile. Figure 3 shows a schematic layout of the station
regime of the laser distribution when the light pulse and
electron bunch are fully detuned.

FIG. 3. ~Color online! Schematic layout of the laser stationa
regime when the light pulse and the electron bunch are fully
tuned~a positive detuning is assumed!.
1-3



o

o

i-

n:

oral
on-
ues-
ns
sta-
uld

ff

tion
s the
y a
re-

De NINNO et al. PHYSICAL REVIEW E 67, 026501 ~2003!
B. Conservation of the first-order moment

The condition

E
2`

1`

tI f~t!dt5E
2`

1`

tI ~t!dt ~12!

is equivalent to the conservation of the temporal position
the laser centroid:t f5t0 ~wheret f is the centroid position
of the distributionI f). Making use of Eqs.~8! and~11!, one
gets~see the Appendix for the details of the calculation!

t f[

E
2`

1`

tI f~t!dt

E
2`

1`

I f~t!dt

5t0F 11
g0 exp$2t0

2/@2~se1s l !
2#%

@11~s l /se!
2#A11~s l /se!

2

11
g0 exp$2t0

2/@2~se1s l !
2#%

A11~s l /se!
2

G1dtm

5t0

11R2~s l /se!
2

11~s l /se!
2

1dtm . ~13!

The stationary condition allows one to express the width
the detuning curvedtm in the form

dtm5Pt0

s l
2

s l
21se

2
. ~14!

Making use of Eq.~11!, one can solve fort0 the previous
relation and expressdtm as a function of the peak gaing0,
the cavity lossesP, and the rms widths of the laser pulse (s l)
and of the electron bunch (se):

dtm5P
s l

2

Ase
21s l

2A2 lnF ~12P!g0

PA11~s l /se!
2G . ~15!

While the use of Eq.~14! requires~at least! the preliminary
measurements oft0 ~which is a parameter difficult to be
predicted!, Eq. ~15! may be, in principle, employed for est
matingdtm before any measurements. For this,s l can be, in
the first approximation, expressed in terms ofse according
to the relation@6# s l.ADse @whereD5(N1Nd)l r is the
so-called slippage factor#, se is, by hypothesis, constant,g0
may be calculated by means of Eq.~3!, and P is normally
theoretically known from the mirror design.

C. Conservation of the second-order moment

The conservation of the second-order moment

E
2`

1`

~t2t f !
2I f~t!dt5E

2`

1`

~t2t0!2I ~t!dt ~16!
02650
f

f

coincides with that of the rms value of the laser distributio
s l f

2 5s l
2 ~wheres l f is the rms value of the distributionI f).

Making use of Eqs.~8! and ~11!, one gets

s l f
2 [

E
2`

1`

~t2t f !
2I f~t!dt

E
2`

1`

I f~t!dt

5s l
2 11R2~s l /se!

2

11~s l /se!
2

1R2S t0
2~s l /se!

2

11~s l /se!
2D ~12R2!,

~17!

which, combined with condition~16!, gives

S s l

se
D 2

5S Rt0

se
D 2

21. ~18!

This relation connects the rms values l of a fully detuned
laser to the positiont0 of its centroid and can be fulfilled
only if

t0

se
.1/R.1. ~19!

The previous condition shows that the rms values l may be
not conserved. This leads to the conclusion that the temp
distribution of a saturated SRFEL is not necessarily stati
ary or, at least, not necessarily Gaussian. The important q
tion arising from this result, namely, the general conditio
under which a saturated SRFEL reaches a completely
tionary regime, is beyond the scope of this paper and wo
deserve a dedicated analysis.

If the condition~19! is satisfied, the relation~18! can be
used to get rid of the dependence ons l in the expressions for
the peak gain@Eq. ~11!# and for the width of the detuning
curve @Eq. ~14!#. In the first case, one finds

gO5
P

A~12P!
expF 1

2~12P!G t0

se
, ~20!

while in the second case one obtains

dtm5
P

12P

1

t0
@~12P!t0

22se
2#. ~21!

It is worthwhile to stress that, while the formulas~11! and
~20! supply an agile ‘‘on-line’’ method~alternative to those
mentioned in Sec. II! for the measurement of the laser-o
peak gain, relations~14! and ~21! yield a significant insight
into the physics of the laser–electron-beam interaction.

IV. COMPARISON WITH EXPERIMENTS

The theoretical model presented in the preceding sec
is based on the assumptions that when the laser reache
saturation regime, the electron beam is characterized b
stable temporal distribution having a Gaussian profile. In
1-4
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STEADY STATE OF A FULLY DETUNED STORAGE- . . . PHYSICAL REVIEW E 67, 026501 ~2003!
ality, the electron-beam dynamics is generally influenced
the beam interaction with the ring environment~e.g., the me-
tallic wall of the vacuum chamber!. Such interaction mani-
fests itself as a ‘‘wake’’ electromagnetic field that acts on
electrons and may perturb their stability. The so-called
crowave instability@21# is one of the most likely observed:
leads to an increase of the beam energy spread, which
induce a low-frequency~about 100 Hz! oscillation of the
bunch length@25,26#. High-frequency~tens of kilohertz! in-
stabilities are also observed: they normally lead to a cohe
oscillation of the electron beam at the synchrotron freque
and ~eventually! its harmonics@25#.

The interplay between electron-beam instabilities and
FEL dynamics has been the subject of various investigat
@22,23,27#. It is nowadays a common opinion that the ins
bility and the laser growth may be considered as competi
phenomena: either the instability is strong enough to prev
the laser onset or the laser is able to develop and damp~or, at
least, reduce! the instability effect. As a consequence, t
temporal distribution of the electron beam can be actu
considered as~almost! stable when the laser has reached
steady state.

The other assumption, i.e., the Gaussian shape of
beam profile, is more delicate. In fact, the interaction w
the ring environment induces also a perturbation of
‘‘natural’’ Gaussian profile of the electron beam. In the ca
of Super ACO, due to the relative high value of the ri
impedance@28#, this effect is quite noticeable. Furthermor
the distortion becomes more evident when a harmonic ca
is used@29,34#, which has been installed in order to short
the bunch length and increase the amplification gain. Fig
4 shows the temporal profile of the electron beam for diff
ent settings of the harmonic cavity. The distortion of t
electron-beam profile with respect to the ideal Gauss
shape represents the main limitation to the method derive
Sec. III. However, as it will be clear in the following, rela
tions~11! and~14! @as well as Eqs.~20! and~21!# still remain
reliable, also when the harmonic cavity is active~and pow-
ered at 80 kV; see Fig. 4, profile b!. It is, moreover, worth-
while to point out that the distortion of the beam profile d
to the ‘‘wake’’ field is expected to play a minor role for th

FIG. 4. Effect of the harmonic cavity on the shape and on
rms value of the Super-ACO electron beam~the beam current is
about 40 mA!. Curve a: passive harmonic cavity. Curveb: har-
monic cavity powered at 80 kV. Curvec: harmonic cavity powered
at 300 kV.
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case of third generation SRFELs, such as ELETTRA, wh
are generally characterized by smoother ring vacuum ch
bers@28#. The other relevant hypothesis on the electron be
which has been employed for deriving Eq.~8!, i.e., se con-
stant during the onset of the fully detuned laser pulse,
been validated during a series of experiments that have b
performed on the Super-ACO FEL.

In order to apply the formulas that have been derived
Sec. III and check the validity of the theoretical model
which they are based, the statistical parameters of
coupled laser and electron-beam distributions have b
measured for different experimental settings. In this purpo
a double-sweep streak camera has been used@30–32#. Figure
5 shows the kind of image that can be obtained by acquir
at the same time the synchrotron light emitted by a bend
magnet~which reproduces the temporal structure of the el
tron bunches! and the laser signal. The~coupled! temporal
profiles of the electron bunch and laser distributions can
found by taking a vertical cut of the whole picture. Along th
horizontal direction, one can follow the temporal evolutio
of the two distributions. Collecting a series of pictures f
different detuning amounts allows one to measure the va
tion of the position occupied by the laser centroid with r
spect to the position corresponding to the perfect synch
nism.

The losses of the optical cavity have been measuredin
situ by determining the decay time of the light intensi
when the detuning is strong enough to prevent the laser o
@33#. Figure 6 shows the laser-off peak gain~as a function of
the beam current! as it is obtained using Eq.~11!. Two cases
are presented: one in which the harmonic cavity is pass
and one in which the harmonic cavity is powered at 80 kV.
both cases the results are found to be in a fairly good ag
ment with the estimations supplied, e.g., by Eq.~3! @35# or
by the measurement of the initial growth rate of the la
intensity @36#. The gain calculated by using the maximu
detuning method is also in agreement with the direct m
surement corresponding to the beam current threshold for
laser oscillation.

In Figs. 7 and 8 the direct measurement of the width

e
FIG. 5. ~Color online! Streak camera image of the Super-AC

electron bunch~upper trace! and laser macropulse~lower trace!. A
vertical cut provides the beam~laser! temporal distribution. The
total vertical scale is 1.7 ns and the longitudinal scale is 1 ms
image has been taken for a total beam current of 55 mA with
harmonic cavity set in the passive configuration.
1-5
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the detuning curve~see Fig. 1! is compared with the resul
obtained by using the maximum detuning method@i.e., Eq.
~14!#. Here again, in the first case the harmonic cavity
passive and in the second case it is powered at 80 kV.
results show in both cases a good agreement and allow
straight experimental validation of the theoretical approa
proposed in this paper.

It is finally worthwhile to mention that the condition~19!
is not always~i.e., for any beam current and cavity mirro
setting! fulfilled. As a consequence, the relations~20! and
~21! are not always employable. However, when the con
tion ~19! is respected, they lead to a result in agreement w
that supplied, respectively, by relations~11! and ~14!.

FIG. 6. ~Color online! Behavior of the laser-off peak gaing0 of
the Super-ACO FEL as a function of the total beam currentI, as it
is obtained using Eq.~11!; full circles refer to the configuration in
which the harmonic cavity is passive while filled triangles refer
the case in which the harmonic cavity is powered at 80 kV. T
relative error~around 15%) is mainly due to the uncertainty on t
measurement of the cavity losses. The square represents the
~directly measured! corresponding to the beam current threshold
the laser oscillation~for the configuration in which the harmoni
cavity is passive!.

FIG. 7. ~Color online! Behavior of the full width of the detuning
curve 2dtm as a function of the total beam currentI, as it is ob-
tained by directly measuring the maximum detuning compat
with the laser onset~full circles! and as it is obtained by means o
the maximum detuning method~empty circles!, see Eq.~14!. The
harmonic cavity is set in the passive configuration.
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V. CONCLUSIONS

The analysis carried out in this paper provides a theo
ical picture of the steady state of a fully detuned SRFEL.
particular, an ‘‘agile’’ method for the evaluation of the lase
off peak gain has been derived, which is an alternative
those relying on Madey’s theorem and on the evaluation
the initial growth rate of the laser intensity. Moreover, a st
further has been made in the understanding of the interp
between the maximum laser–electron-beam detuning~com-
patible with the laser onset! and the physical parameter
leading the dynamics of a SRFEL. The equilibrium distrib
tion of a fully detuned SRFEL has been shown to be
necessarily Gaussian. This entails that the result obtained
the case of a quasizero laser–electron-beam detuning
means of the method of the ‘‘supermodes,’’ cannot be sim
extended to the case of a fully detuned system. This re
arises the question about the actual existence of a comple
stationary regime of a detuned SRFEL. Theoretical res
have been compared with measurements performed on
Super-ACO FEL. The obtained agreement can be consid
as satisfactory.
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APPENDIX

In this appendix some details of the calculations repor
in Sec. III are given relative to the conservation of the fi
moments of the stationary fully detuned laser distribution

Zero-order moment

The zero-order moment of the temporal profile of the
ser pulseI n(t) ~i.e., the laser intensity after thenth interac-
tion! is defined by

e

ain
r

e

FIG. 8. ~Color online! The same as Fig. 7 with the harmon
cavity powered at 80 kV.
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M0,n5E
2`

1`

I n~t!dt. ~A1!

Assuming that the laser has reached the steady state in
condition of maximum detuning and that the equilibrium d
tribution is Gaussian@see Eq.~7!#, the zero-order momen
reads

M05I 0E
2`

1`

exp@2~t2t0!2/2s l
2#dt5I 0A2ps l .

~A2!

The zero-order moment of the steady-state distribution
be also calculated starting from Eq.~8! @37#:

M05E
2`

1`

I f~t!dt

5R2I 0E
2`

1`

exp@2~t2t02dtm!2/2s l
2#

3H 11g0expF2
~t2dtm!2

2se
2 G J dt

5R2I 0A2ps l1R2I 0g0A2ps l

exp$2t0
2/@2~se

21s l
2!#%

A11~s l /se!
2

.

~A3!
02650
the
-

n

The combination of Eqs.~A2! and~A3! leads to Eq.~10! and
then to the relation~11! expressing the laser-off peak gain
a function of the cavity losses and the statistical parame
of the laser and electron-beam distributions.

First-order moment

The first-order moment of the laser pulse

M1,n5E
2`

1`

tI n~t!dt ~A4!

coincides~if normalized toM0,n) with the position of the
laser centroid:

tn[
M1,n

M0,n
. ~A5!

In the case of a fully detuned steady state, the laser p
~assumed to be Gaussian! may be expressed as in Eq.~7! and
is, therefore, assumed to be centered aroundt0:

t05
M0

M1
5

1

A2ps l
E

2`

1`

exp@2~t2t0!2/2s l
2#dt. ~A6!

The first-order moment of the steady-state distribution can
also calculated starting from Eq.~8! @37#:
M05E
2`

1`

tI f~t!dt5R2I 0~t01dtm!A2ps l1R2I 0g0A2p
@t0se

21dtm~se
21s l

2!#ses l exp$2t0
2/@2~se

21s l
2!#%

~se
21s l

2!3/2
.

~A7!
-

ulse
The definition oft f ,

t f[

E
2`

1`

tI f~t!dt

E
2`

1`

I f~t!dt

, ~A8!

leads@recalling Eq.~A3!# to Eq. ~13! and thus, imposing the
stationary conditiont f5t0, to the expression~14! for the
maximum detuning~i.e., the half-width of the detuning
curve!.

Second-order moment

The second-order moment of the laser pulse
M2,n5E
2`

1`

~t2tn!2I n~t!dt ~A9!

gives ~if normalized toM0,n) the rms value of the laser dis
tribution:

sn
25

M2,n

M0,n
. ~A10!

In the case of a fully detuned steady state, the laser p
~assumed to be Gaussian! may be expressed as in Eq.~7! and
is, therefore, assumed to have a given rms values l . The
expression ofs l f can be calculated@37# as in Eq.~17!. The
stationary conditions l5s l f leads to Eq.~18! and thus to the
condition ~19!.
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